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GT-PML: Generalized Theory of Perfectly Matched
Layers and Its Application to the Reflectionless
Truncation of Finite-Difference Time-Domain Grids

Li Zhao, Member, IEEE, and Andreas C. Cangellaris, Member, IEEE

Abstract— A new mathematical formulation is presented for
the systematic development of perfectly matched layers from
Maxwell’s equations in properly constructed anisotropic media.
The proposed formulation has an important advantage over
the original Berenger’s perfectly matched layer in that it can
be implemented in the time domain without any splitting of
the fields. The details of the numerical implementation of the
proposed perfectly matched absorbers in the context of the finite-
difference time-domain approximation of Maxwell’s equations
are given. Results from three-dimension (3-D) simulations are
used to illustrate the effectiveness of the media constructed
using the proposed approach as absorbers for numerical grid
truncation.

1. INTRODUCTION

INCE THE original work by Berenger [1], the concept
Sof perfectly matched layers (PML’s) for reflectionless
absorption of electromagnetic fields and its implementation for
numerical grid truncation in both time-domain and frequency-
domain wave simulations using finite methods has become
the focus of extensive research [2]-[12]. Among the various
implementations of PML’s, the one by Sacks et al. [9] appears
very attractive in view of the fact that its construction is based
on the use of anisotropic media. Thus Maxwell’s equations
maintain their familiar physical form (except for the strange
properties of the constructed anisotropic medium). Recently,
it was shown that the (apparently nonphysical) Chew—~Weedon
formulation of PML’s using a modified Maxwell’s system with
complex coordinate stretching [2], can be made equivalent to
the anisotropic medium approach of [9] with an appropriate
scaling of the involved electric and magnetic fields [13].

While both the anisotropic medium formulation and the
formulation based on the modification of Maxwell’s equations
with complex coordinate stretching [2], [7] provide for a
convenient implementation of PML’s in frequency-domain fi-
nite element and finite difference modeling; their time-domain
implementations in the context of the finite-difference time-
domain (FDTD) method require the splitting of the fields,
similarly with Berenger’s original PML formulation. Recently,
Mittra and Pekel [8] and Veihl and Mittra [10] have proposed
and attempted an alternative formulation of Berenger’s scheme
where the splitting of the field components is avoided. Instead,

Manuscript received March 29, 1996.

The authors are with the Electromagnetics Laboratory, Department of
Electrical and Computer Engineering, University of Arizona, Tucson, AZ
85721 USA.

Publisher Item Identifier S 0018-9480(96)08558-4.

time- and field-dependent sources are introduced. As suggested
in [13], an unsplit-field implementation of PML’s in the time
domain can also be effected directly from the anisotropic
medium formulation of the PML.

In this paper, we generalize the formulation proposed in
[13] and, thus, establish a systematic procedure for the devel-
opment of anisotropic media PML’s that can be implemented
for the truncation of FDTD grids without splitting of the
fields. The proposed formulation is different from the one
presented recently by Gedney [15], in terms of both the
mathematical development of the time-dependent form of
Maxwell’s equations inside the PML medium and its numeri-
cal implementation in the FDTD algorithm. In Section 11, the
mathematical formulation is presented for the construction of
the permittivity and permeability tensors of the -anisotropic
PML in order to effect a reflectionless planar interface. The
construction of absorbing PML’s for grid truncation in three
dimensions is presented in Section III. Section IV includes
the details of the numerical implementation of the absorbing
PML’s in the FDTD algorithm without splitting of the fields.
In Section V, numerical examples are given from transient
radiation problems in order to demonstrate the validity of
the proposed formulation and compare its performance and
accuracy with that of the split-field implementation. Section VI
concludes the presentation with a summary of the attributes of
the proposed generalized theory of perfectly matched layers
(GT-PML).

. THE GT-PML THEORY

With the assumption of a time dependence of the form e/“¢,
Maxwell’s equations in an anisotropic medium have the form

VxE=—juwi-H (la)
Vx H=jwe- E (1b)
V-(e-E)=0 (1c)
V-(g-H)=0 (1)

where i and € are respectively the permeability and permit-
tivity tensors of the medium. Motivated by the results in [9],
the two tensors are assumed to be of the form

€ = c(diag {az, ay, a,}) = €[A]
i = p(diag {ax, ay, a5 }) = plA]

(2a)
(2b)
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where the elements of the diagonal matrix
[A] = diag {a’.'l') Ay, az} 3

are, in general, complex, (}imensipnless, constants.
Next, the scaled fields E and H are defined as follows:

{E., By, B2}
{Ho, By, B} =

=[G {E.. By, B2}
(G {He, Hy, H.}"

(4a)
(4b)

where the superscript T' denotes matrix transposition and

[G] = diag {9, 9y,9-} (5)

where g.,gy,9. are, in general, complex constants. Using
the notation G and A to denote the tensors with matrix
representations [G] and [A]. respectively, Maxwell’s equations
can be written in terms of the scaled fields £ and H

Vx (G B)=—juuA-G-H (62)
Vx (G -H)=jweA-G - E (6b)
V-(ed-G-E)=0 (6¢)
V x (uA-G-H)=0. (6d)

It was shown in [13] that a choice of the scaling factors
9z, 9y 9» according to the equations

2 a 2 a 2 a
@2 0% @)% o
9y Qg g- Gy Jx Qz

allows us to cast the system of (6) in the following form

Va X E=—jwull (82)
Va x H = jweE (8b)
Vg - (k) = (8¢)
Va - (ul) =0 (8d)
where
of . 1 1
Valfzl 5 44 By + % 3, (9)

N Vaag © asay

The system in (8) is reminiscent of the modified Maxwell’s
system with complex coordinate stretching used in [2]. Indeed,
using the notation

8x = ayaz, sy = Jasay, s, = /azay

the system in (8) becomes mathematically equivalent with
the modified Maxwell’s system in [2]. However, there is
an important difference. The system in (8) is for the scaled
electric and magnetic fields while the one in [2] was proposed
assuming that the fields are physical fields. Thus, as pointed
out in [13], the complex coordinate stretching formulation
of perfectly matched layers can be considered as an alterna-
tive representation of Maxwell’s equations in an anisotropic
medium only if the fields on which the modified V operator
operates are a scaled version of the physical fields as defined
in (4).

(10)
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The next step involves the investigation of the dispersion
properties of this anisotropic medium. For this purpose, con-
sider a general plane wave with scaled fields

E=G"
H=G"

-E = Egexp(—jk-7)
“H = Hgexp (—jk-T)

(11a)
(11b)
where k = &k, + 9k, +2k,. Substituting (11a,b) in the system

(8) above, and using the fact that the medium is assumed to
be homogeneous, one obtains

ks x E=wull (12a)
ks x H = —wek (12b)
ks-H =0 (12d)
where
k. .k N
ks =2— +4-2L + 2=, (13)
Sz Sy S,
Eliminating H between (12a) and (12b) results in
ks x kg % E= —wzueE
or
(ks ks) (ks )ks = w ,LLGE
and, finally, in view of (12¢) and (13)
2 k2 k)2
2 z
= =4+ =4 = 14
w* pe s%+s§+82 (14)

Equation (14) is the dispersion relation for the anisotropic
medium under study. It is satisfied by

ky = ks, sinf cos ¢ (15a)
ky =ksysinfsin ¢ (15b)
k. =ks,cosf (15¢)

where k = w,/ue. Clearly, the propagation characteristics
of the wave along z,y and z can be controlled by varying
54,8y and s, or, effectively, (in view of (10)) by varying
the properties of the anisotropic medium. In the following,
the relationship between the tensors of two anisotropic media
separated by a planar interface will be established for the
interface to be reflectionless for all angles of incidence and
all frequencies.

Without loss of generality the planar interface is taken
to coincide with the z = 0 plane in a Cartesian coor-
dinate system. The space z <0 (Medium 1) is filled with
a homogeneous medium with tensors e;[A;], u1[A1], where
[A1] = diag{ais,a1y,01:}, and corresponding sy, 51, and
81, values given by (10). The space z > 0 (Medium 2) is filled
with a homogeneous medium with tensors ep[As], pa[As],
where [Ay] = diag {a2s, azy, a2. }, and corresponding ss,, Say
and s2, values given by (10). A plane wave propagating
from Medium 1 toward Medium 2 is assumed to be obliquely
incident on the interface at z = 0. Its polarization is assumed
arbitrary, and the standard decomposition of the field in its
transverse electric to z (TE,) and transverse magnetic to
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2z (TM.) parts is used for the purposes of studying the
reflection properties of the interface.

Concentrating first on the TE, part of the wave (i.e. the
electric field has components on the zy plane only), let

E; = Eoe ki (16a)

be the incident electric field, with corresponding scaled field

_]ki.r

B, =G ' E; = Eoe (16b)

~ —— J— .
where Eog = G1 - Eg and the tensor G; has the matrix

representation

[G1] = diag {912, 914, 912 }-
The corresponding scaled magnetic field is obtained from (12a)
kis x 12 kT

i =
z Wi

(16¢)

In the above equations, k;¢ is (according to (13))
kiz ~ ki
+3—%

Sly

~ kiz
Z

S1z
The reflected electric field is written as

Ey = RTEEge—ikrT (17a)

with corresponding scaled field
— RTEEOe—jkr”r'

Br=Gi  -Er (17b)

The corresponding scaled magnetic field is

ﬂr = RTE————krs x Eo eﬁjk"'"".
Wi

(17¢)

The expression for kps is similar to the one for k;; given
above.
Finally, the transmitted electric field is written as

Ey = Ege 'Rt T (18a)
with corresponding scaled field
By =0y ' Ep=Ege kT (18b)-

where Eqg; = Gz - Egt and the tensor Gz has the matrix

representation
[GQ] = dla’g {92337 92y, gZZ}‘

The corresponding scaled magnetic field is

ir, = ks X Eot kv
¢ w2

(18¢)

where the expression for kg is similar to the one for kjg
given above.

Boundary conditions at the interface involve the tangential
components of the physical fields. First of all, from phase
matching requirements one obtains kiz = kry = ki and
ky = kry = k. With this result in hand, the boundary
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conditions at z = 0 are as follows. From the continuity of

the tangential physical electric field
(1+R™)Gy-Eo =Gz Ey (19)

and the continuity of the tangential components of the physical
magnetic field the following two scalar equations result

1 — RTE)E, .

(_——)_z‘glmEOy QQmEOty
W81, Wito82,

1— RTE)k, - ko ~

Q=R ks 1yloz = = goy Fots
w1812 WH2822

where the fact that k., = —k,, has been used along with the
change of notation k,, = ki, and ki, = ko.. Actually, the
last two equations may be cast in a form that involves only
the phys1ca1 fields usmg the fact that E0$ = gleOw, Eoy =
glyEOya EOtw = g2xE0tm and EOty - g2yE0ty If we also set

Ey =T ™ E,
the resulting equations are
1—R"™)k1, g1 k2. 2
( k1 910 Eoy = —2 92 7pTER - (20a)
W81z J1y WH2822 G2y
1— R™ )y, ko
( rz g1y o _koe gwgreg (o0
W11z 91z WH282, J2u
Clearly, the identity obtained from (20)
gz _ G2z 1)
g1y 92y
reduces (20a) and (20b) to the same equation
k1op2s2:(1 — R™®) = ky.pasi . TTF. (22)

From (19), (20) and (21) the expression for the reflection
coefficient is obtained
k1zpas2: — kospi151.

RTE — .
k1,282, + ko pt1512

(23)

A similar procedure can be applied to obtain the reflection
coefficient, R™ for the TM,. part of the wave. The resulting
expression is

RTM _ ki.€282; — kos€1512

k1z€282; + k2.€1812

(24)
At this point, it is appropriate to recall the phase matching
conditions

(25a)
(25b)

W/ U1€1512 sin 91 (o0 ] d)l =W/ H2€9252 sin 92 COs ¢2
w+/P1€181y Sin By 8in @1 = w /€282, sin B2 sin ¢

where (¢1,6;) define the direction of the incident wave and
(¢2,02) the direction of the transmitted wave. The choice

€1 =€, H1 =l (26)
and
@n

Siz = 82z, Sly = S2y

combined with (25a) and (25b) leads to the following result
¢1 =2, 01 =05 28)
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Use of (27) and (28) in (23) and (24) leads to the result
that R™® = R™ = 0 for all frequencies and all angles of
incidence (except grazing).

Clearly, (27) is an instrumental condition for achieving the
reflectionless interface. It can be rewritten in terms of the
elements of the tensors A; and Ag making use of (10). The
following relations are easily obtained

G _ o1y _

A2y

%2z (29)

A2q: Q1z

At this point, it is worth noting that, in view of (7), (21) is
equivalent to (29).

In summary, let ¢ denote one of the axes in a right-
handed Cartesian coordinate system xyz, and j,k the
other two axes in the system. The jk-plane interface
between two anisotropic media characterized by the
tensors € diag {a1z, a1y, a1}, w1 diag {@1z,a14,01.} and
€2 dla‘g {a'Zma A2y a2z}7 H2 dlag {a/2z7 A2y, a22}7 reSWCﬁVely,
will be reflectionless for all frequencies and any angle of
incidence other than grazing provided that €; = €2, 1 = po,
and the elements of the tensors satisfy the relation

@2,

15

a1y O1k

a2k

(30)

a2,

The use of this result in the construction of absorbing PML’s
for numerical grid truncation is discussed in the next section.

III. CONSTRUCTION OF ABSORBING PML’s

Consider a rectangular volume, {2, in a linear, homogeneous,
isotropic medium of permittivity ¢ and permeability p. It is
assumed that a finite method will be used to model electro-
magnetic interactions inside this volume, including radiation
out of the volume. Toward this objective, it is desirable to
surround the volume by PML.’s developed on the basis of the
aforementioned theory with the additional attribute that they
dissipate the waves propagating through them. This is highly
desirable since, for the purposes of numerical computation, the
PML’s need be of finite thickness. If sufficient field attenuation
is effected by these absorbing PML’s, zero field values may
be assummed at the end of the PML’s, thus effecting simple
Dirichlet boundary conditions at the ends of the domain
of numerical computation without (hopefully) giving rise to
spurious (nonphysical) reflections.

Fig. 1 depicts one fraction of the volume © with PML’s of
finite thickness attached on its outer surface. We distinguish
three types of such PML’s: face-PML’s, edge-PML’s and
corner PML’s,

Face-PML'’s

These PML’s are placed on the six faces of the rectangular
volume. Layers PML, and PML, in Fig. 1 fall in this
category. Consider layer PML,. This layer is expected to be
perfectly matched to the homogeneous medium inside 2. Let
Medium 1 be the medium inside Q2. Thus, €1 = €, u; = g,
and ai, = a1y = a1, = 1. Let Medium 2 be the layer
PML,. According to the results in the previous section, layer
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PMLxyz

PMLZX —— —— PMLyz

PMLXx —— -t—— PMLy
z PMLxy

X

Fig. 1. Classtfication of the various PML regions.

PML, will be perfectly matched to the interior medium if
€2 = €, 12 = p and, from (30),

1

A2g = G2y = Wy, Q27 = w,

or, in matrix form,

[A(Z)] = diag {wz,wz,wz“l}. €18

Note that w, is not determined at this point. However, as stated
earlier, it is desirable to attenuate the wave as it propagates
through this face-PML. Using (10) in (15¢), the wavenumber
in the z direction inside layer PML, has the form

ko, = w\/pe\ /a2 09, cos§ = w+/pew, cosb. (32)
Thus, the choice
w?”
Sg, =w, =14+ % (33)
Jw

leads to a wave variation in the z direction inside the PML.
of the form

6~]k2,z — e Jwy/pEz cos 96~wg, /p€ez cos B

From the second term on the right-hand side of this last
equation it becomes clear that the wave is attenuated in the
z direction at a rate controlled by w!. Finally, taking into
account the fact that the elements of the scaling matrix [G] for
this face-PML are (from (7))

920 = goy = 1, go. = w,. (34)

Maxwell’s curl equations inside PMI z; are written in com-
ponent form as follows:

—jwpw,H, =(V x E), (35a)
—jwpw. Hy =(V x E), (35b)
—jwpH, =w,(V x E), (35¢)
Jwew, By =(V x H), (36a)
Jjwew, Ey =(V x H), (36b)
jweE, =w,(V x H), (36¢)

where (V x F), denotes the g component of the curl of field
F,q=zy,z2

The construction of the rest of the face-PML’s is done in
a similar way.
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Edge-PML’s

These PML’s are placed at the twelve edges of the rect-
angular volume. Fig. 1 depicts three of these edge-PML’s,
PMLzy, PML,,, and PML,,. Consider the layer PML,,.
This PML must be constructed in such a way that it is
matched to both face-PML’s PML, and PML,. In view of
(30) and the fact that the [A]-matrices of the face-PML’s
PML, and PML, are, respectively, diag {w;!,w,,w,} and
diag {w.,w,, w; 1}, this edge-PML should have parameters ¢
and p, and the elements of its [A]-matrix should satisfy the
relations

el o2 (37a)
Gy a, Wy
Wyl _We_ s (37b)
Gy ay Wy

It is straightforward to show that these relations lead to the
following [A]-matrix for this edge-PML

We
[A(zm)] dlag{ ,wzwmw }

z

(33)

which may also be written in the more convenient form

[AGD] = [AD]A®)]. 39

Clearly, this last equation is extremely useful since it provides
a simple means for constructing the tensors of the rest of the
edge-PML’s.

From (10), the s parameters for the edge-PML PML,, are
easily found to be s, = w,, sy = 1, and s, = w,. Considering
that w, and w, have already been constructed according to
(33), the expressions for k, and k,, in (15) make it clear that
attenuation in both z and x occurs as the wave propagates
through this edge-PML. Finally, using the aforementioned
values of s parameters and the fact that g, = w,,g, = 1 and
g. = w,, Maxwell’s equations inside PML,, take the form

~jwpw, Hy —=w (V x E), (40a)
—jwpw,w,Hy =(V x E), (40b)
—jwp, H, =w.(V x B), (40¢)
jwew, By =w,(V x H), (41a)
jwew,wyEy =(V x H)y (41b)
jwew, E, =w,(V x H),. 41¢)

The rest of the edge-PML’s are constructed in a similar
manner.

Corner-PML’s

These PML’s are placed at the eight corners of the rect-
angular volume. One of them, PML,, . is depicted in Fig. 1.
Their construction is based on the observation that they need
to be matched to the three edge-PML’s, PML,,, PML,,,, and
PML,,. Application of (30) at the three relevant interfaces
leads to the following expression for the [A] matrix of the
corner-PML

[A(wyz)] _ diag {fwywz ’ wxwz’ Wy Wy }

Wy Wy W,

42)
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which may also be written as
[A(myZ)] = [A(“-")][A(y)][A(Z)].

From (10), the s parameters for the corner-PML are found to
be s, = w,,8, = wy,s, = w,. Thus, with w,,w,, and w,
constructed according to (33), the expressions for k;, k, and
k, in (15) make it clear that attenuation occurs in all three
directions as the wave propagates through the corner-PML.
Finally, using the aforementioned values of s parameters and
the fact that g, = w,, 9y = wy and g, = w., Maxwell’s
equations inside PML,,. take the form

—jwpwyw, Hy =w,(V x E), (43a)
—jwpw,w, Hy =wy(V x E), (43b)
—jwpwzwy H, =w,(V x E), (43c)
Jwewyw, By =w,(V x H), (44a)
Jwew,weEy =wy(V x H), (44b)
Jwewewy B, =w,(V x H),. (44¢)

IV. GT-PML’S FOR TRANSIENT WAVE SIMULATIONS

The implementation of GT-PML’s for numerical grid trun-
cation in transient electromagnetic field simulations is pre-
sented in this section. Frequency-domain implementations,
as, for example, in frequency-domain finite-elements, have
already been discussed in [9]. However, the usefulness of
the proposed GT-PML theory lies mainly on the fact that
the formulations of (35)-(36), (40)—(41), and (43)—(44) lead
to convenient implementation of absorbing PML’s for grid
truncation in discrete, transient wave simulations, without the
requirement for splitting of the field components. The devel-
opment of the relevant time-dependent form of the equations
is presented first, followed by suggested discrete approxi-
mations. Only the discrete forms for time derivatives and
time integrations are discussed. Discrete forms for the spatial
derivatives are dependent on the choice of placement of the
field components on the numerical grid and, provided that are
effected according to the various popular stable schemes, are
irrelevant to the unsplit-field formulation that is the focus of
this work.

Consider, first, the case of a face-PML, such as PML,
in Fig. 1. Use of (33) in (35a—) followed by a Fourier
transform back to the time domain results in the following
time-dependent form of the equations (assuming that all fields
are zero for ¢ < 0)

1
%‘F—% +wlH, = —;(V x E), (45a)
%ﬁ +w!'H, = —i—(v x E), (45b)
oH 1 1
z _ = V J— 17
o Lb( x E) w,
¢
: / (V x E), dt'. (45¢)
0

In the above equations all fields are time-dependent quantities.
For simplicity, the same symbol used for their phasor form
is maintained. Clearly, (45a) and (45b) have the standard
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form for wave propagation in a lossy medium with magnetic
conductivity ¢* = pw!/, and their time discretization using
either central differencing [12] or exponential differencing [13]
is well known. Equation (45c) is different in the sense that a
time integral of the 2 component of the curl of the electric field
appears on the right-hand side. This term is interpreted as a
time and field-dependent source term. Using the trapezoidal
rule for the numerical calculation of this source term one
obtains
nAt
/ (VX E),dt' =
0

n—1
> (Vx E)m™At
m=0
+L(VxEMAt (46)
where the superscript (9) notation is used to indicate that the
specific quantity is calculated at time ¢ = gAt. Introducing
the quantity

FM =3 "(Vx E)™

m=0

47

and using standard central differencing for the approximation
of the time derivative, the semidiscrete form of (45¢) is
obtained in view of (46) as follows:

Hz(n+1/2) :H(" 1/2) _ ?At)(v X E)g”)

At ( w’
14
P
//At

— F(n 1
W

Clearly, once H_. has been updated, F,, should be updated
also using

(48)

F = pn=D 4 (v x )™, (49)

A similar development leads to the time-dependent form
and the subsequent development of the semidiscrete approxi-
mations of (36a—c). As a matter of fact, duality may be used
to derive these equations. Thus, a source term appears on the
right-hand side of the update equation for the z component of

the electric field, given by

1 t
Ye

(VxH),dt. (50)

€ Jo

This source term needs be updated right after £, has been
updated, in a manner similar to the one discussed above.

The time-dependent equations for the face-PML’s in the z
and y directions and their subsequent semidiscrete approxima-
tions are developed in a similar fashion. In summary, for each
face-PML two time-dependent source terms are introduced.
Their update involves the simple operation indicated in (49).

Next, the equations inside the edge-PML’s are examined.
Consider, for example, the edge-PML PML,, with equations
(40) and (41). In view of the fact that

1 "
werw, = (u&) (Hw_)
Jw Jw

g wl +w'z’ + wlw!
jw (jw)?
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the time-dependent form of (40a—c) becomes

OH,

ot +w;’Hz M(VXE /(VXE
(51a)
H.
8aty +('LU +wll H +wll II/ H dtl
1
= —;(V X E)y (51b)
OH, " 1 w /t
+wlH,=——(VxE), - % V x E), dt'.
5t u( ) . 0( )

(51c)

There are now three source terms present. The ones in (51a)
and (51c) are similar with the ones present in the face-PML’s,
in the sense that they involve time integrals of the specific
component of the curl of the electric field. Using the notation

of =1+ Stu (522)
a; =1- %fw” (52b)
the semidiscrete forms of (51a) and (51c¢) are
H+1/2) :Z_i Hn=1/2) _ i’:‘ (V x )™
l:itz :g(v E)(™) (53a)
H+1/2) =Z_£ H=1/2) _ Ato (v < E)™
- wng ni_::(v x E)m. (53b)

The source term in (51b) is different. It involves the time
integral of the magnetic field component that will be updated
using this equation. Thus, the time discretization of (51b) at
t = nAt will involve the integral

nAt
/ H,dt'.
0

Using the trapezoidal rule for the numerical calculation of
this integral, and in view of the fact that the magnetic field
is sampled in time at points (i + 1/2)At,s = 1,2,---, one
obtains

nAt n-—~1
! _ +1/2
/0 H, dt _éHgm 2 At.

This last expression, along with the definition of the following
quantities

At

_ t
Tpg = 1_7(1”1/01 + wtlll)

(54a)

(54b)
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lead to the following compact form for the semidiscrete
approximation of (51b)

H(/2) :%Hén—l/ﬂ At S (Vx B
Yzx M")’zw
w!w’ At? b
A ey
zT m=0

The semidiscrete approximations of (41a—c) can be obtained
from (53a), (53b), and (55) using duality. Clearly, a total of six
source terms are required in an edge-PML. The semidiscrete
approximations of Maxwell’s equations in the rest of the
edge-PML’s are developed in a similar fashion.

Finally, the development of the semidiscrete forms for
Maxwell’s equations in the corner-PML’s is undertaken. A
direct inspection of (43a)—(43c) and (44a)—(44c), and use of
the experience gained from the development of the edge-
PML’s makes it clear that two time integrations (sources) will
be associated with update of each scalar component. Using
(52) and (54) leads to the following compact form for the
" semidiscrete approximation of (43a)—(43c)
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The semidiscrete approximations of (44a)-(44c) can be
obtained from (56a)—(56c) using duality.

V. NUMERICAL EXPERIMENTS

In order to validate numerically the derived time-dependent
source implementation of the anisotropic, perfectly matched
medium, the numerical experiment of [14] was attempted in
three dimensions. A z-directed point source at the center of
a 50 x 50 x 51-cell domain, Qy, was excited by a smooth
compact pulse. The domain of computation was terminated

2561

10-7_"v-'|""|"'| T

Berenger's PML
GT-PML

Local Error

-10 PR IS SOV UVUUT WY ST ST SR VU SOOI PR S S S T
100 10 20 30 40 50

X Variation (Cell #)

Fig. 2. Local error in E.(z, 0, 0) within a 50 x 50 x 51-cell FDTD grid with
a pulsed Member, IEEE~-directed point source at its center (¢t = 100A¢).
Grid truncation was effected using Berenger’s split-field PML (dashed line),
as well as the proposed unsplit-field GT-PML (solid line). Eight-cell layers
were used in both cases.
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Fig. 3. Local error in E.(z,0,0) within a 50 x 50 X 51-cell FDTD grid
with a pulsed z-directed point source at its center (¢ = 100At). Ex-
ponential-differencing implementation (dashed line) is compared with cen-
tral-differencing implementation (solid line) for four-cell GT-PML’s.

by either Berenger’s PML backed by perfect electric con-
ductors, or by the proposed GT-PML also backed by perfect
electric conductors. The benchmark FDTD solution, with zero
truncation boundary reflections, was obtained by simulating
radiation by the aforementioned point source in a much larger
domain, )y, centered at the point source, discretized by a
finite-difference grid of same cell size as that for Q, and with
truncation boundaries placed sufficiently far away to provide
for causal isolation for all points in Q2 over the time interval
used for the comparisons.

The error due to numerical reflections caused by the pres-
ence of the conductor-backed PML’s was obtained by sub-
tracting at each time step the field at any grid point inside
Qn from the field at the corresponding point in €2j,. Fig. 2
compares the local error for E,(x,0,0) as observed at time
step 100 for the standard Berenger’s PML (dashed-line) to
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that for the proposed GT-PML (solid line). In both cases,
eight-element PML’s were used with quadratic variation in
the conductivities (for Berenger’s PML) or, equivalently the
quantities w/,w, ,w, (for the GT-PML’s). Their maximum
value was chosen for theoretical reflection coefficient of 10~°
at normal incidence. The effectiveness of the proposed GT-
PML is clearly demonstrated.

It is pointed out that in the aforementioned implementation
of the GT-PML exponential differencing was not used. Indeed,
the semidiscrete equations of the previous section were devel-
oped using the standard central differencing approach familiar
from the time discretization of Maxwell’s equations in lossy
media. Of course, exponential differencing may be used also
if so desired. Fig. 3 compares the local error for E,(z,0,0)
as observed at time step 100 for GT-PML with exponential
differencing (dashed-line) to that for GT-PML with central
differencing (solid line). A four-element PML was used. The
variation in the quantities w},w,,w, was quadratic with
maximum value such that the theoretical reflection coefficient
was 107° at normal incidence. For both implementation the
performance of the PML remains essentially the same.

In order to perform a comparison of Berenger’s PML and
GT-PML requirements for memory and CPU, we consider a

cubical domain N cells on each side. An M-cell PML is used

on each one of the faces of the domain. Berenger’s PML
utilizes 10(N — 2M)2M variables per face-PML, 12(N —
2M)M? variables per edge-PML, and 12M? variables per
corner-PML, for a total of 60(N — 2M)2M + 144(N —
2M)M? + 96 M3 variables. GT-PML utilizes 8(N —2M)2M
variables per face-PML, 12(N — 2M)M? variables per edge-
PML, and 18M? variables per edge-PML, for a total of
48(N — 2M)2M + 144(N — 2M)M? + 144M? variables.
Thus Berenger’s PML formulation utilizes 12N M (N — 4M)
variables more than the GT-PML, where N > 4M is assumed.
Considering that typical values of M are in the order of
ten, and that typical simulations involve domains that span
several wavelengths on each side, the above inequality is
expected to hold for most practical applications. Therefore, the
GT-PML formulation provides for significant storage savings
over Berenger’s PML formulation. More specifically, let us
consider the case of an FDTD grid with a resolution of
@ = 32 cells per wavelength. If the cubical domain is
L wavelengths on each side and M = 8 = /4, the
savings in memory are 3L(L — 1)@3. For values of L >
10, the total number of variables used in the original PML
formulation is approximately 12L.2(Q3. Consequently, the GT-
PML formulation results in memory savings of ~25% over
the original PML formulation.

With regards to the comparison of the CPU time required
by the GT-PML to that for Berenger’s PML, the following
estimates are relevant. For an FDTD cell in a face-PML,
Berenger’s formulation requires 44 additions/subtractions and
22 multiplications/divisions for the update of the electric
and magnetic fields in the cell per time step, while the
GT-PML requires 36 additions/subtractions and 20 multiplica-
tions/divisions. For an FDTD cell in an edge-PML, Berenger’s
formulation requires 56 additions/subtractions and 36 multipli-
cations/divisions for the update of the electric and magnetic
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fields in the cell per time step, while the GT-PML requires
54 additions/subtractions and 36 multiplications/divisions. Fi-
nally, for an FDTD cell in a corner-PML, Berenger’s for-
mulation requires 60 additions/subtractions and 48 multipli-
cations/divisions for the update of the electric and magnetic
fields in the cell per time step, while the GT-PML requires 78
additions/subtractions and 48 multiplications/divisions. With
the observation that it is the face-PML’s and edge-PML’s that
dominate the total number of variables in the PML region, the
above numbers indicate that the GT-PML is computationally
more efficient that the original Berenger’s formulation.

VI. CONCLUSION

In conclusion, a GT-PML has been presented to facilitate
the systematic development of anisotropic media PML’s that
can be implemented for the truncation of FDTD grids without
any splitting of the fields. The frequency dependence of the
primitivities and permeabilities in the diagonal tensors that
characterize the anisotropic PML’s lead to the introduction of
field-dependent source terms in the time-dependent form of
Maxwell’s equations inside the PML regions.

The discrete forms of all relevant equations for the numeri-
cal implementation of the proposed anisotropic absorbers have
been presented. Numerical examples have been used to demon-
strate the numerical stability of the proposed formulation and
compare its performance to that of the original Berenger’s
formulation. The performance of the GT-PML is found to be
comparable to Berenger’s formulation; however, GT-PML is
shown to be computationally less expensive than Berenger’s
formulation, requiring both less memory and less CPU time
for its implementation.
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